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A genetic reguiatory madel involving a positive feedback (via induction) and a negative feedback (via catabolite repres-

sion} s analyzed and applied to the problem of the Ia¢ operon tegulation in E. cofi. Damped and sustained oscitiations of
the limit cycle type are found along with threshold phenomena corsesponding 1o multiple Limit cycles of to multiple stea-
dy states, for values of the parameters compatible with exparimental data.

A coraparison with the observations of Knorre and Goodwin is outlined,

1. Introduction

Open systems undergoing nonlinear kinetics and
driven beyond a critical distance from thermodynamic
equilibrium, may exhibit a markedly cooperative be-
havior beyond a transition point where the branch of
solutions showing equilibrium-like behavior looses its
stability [1]. The subsequently emerging dissipative
structures may feature spatial or temporal periodici-
ties, wave-like activity or all-or-none transitions be-
tween steady states {2].

The importance and the generslity of oscillatory
behavior in Biochemical control processes is nowadays
widely recognized {6]. Most of the dissipative struc-
tures analyzed hitherto in the context of biological
weqgulatory processes refer to sustained oscilfations of
the limit cycle type. Systems showing this kind of be-
havior involve, typically, positive (like, e.g., the PFK
reaction * in the glycolytic pathway [31) or negative
(like, e.g., the Yates—Pardee sequence 14]) feedback,
or even a combined action of both [5].

In this paper we analyze a biochemical regulatory
model which in addition to sustained oscillations and
multiple steady states may present, for certain ranges
of values of the parameters, multiple limit cycles and

* PFK: phosphofrutokinase,

assaciated threshold phenomena. The modet refers
more specifically to the regulation of the lac operon .
iR E, coli. Experimentally, the f-galactosidase synthesit
mediated by this operon has already been shown to
present oscillatory behavior under certain conditions
7.

A previous analysis of a simple mode! for the lac
operon [8] has revealed the possibility of all-or-none
transitions between multiple steady states. These tran-
sitions have been shown to cotrespond to the all-or-
none character of the phenomenon of induction of
B-galactosidase synthesis itself.

Now, in bacterisl popularions growing in 2 fixed
nutrient medium with a gratuitous inducer (like
IPTG) ™ one may ressonably expect that a positive
Jfeedback corresponding to the action of the pennease
will be the important step in the regulation of 8-
galactosidase activity. On the other hand if lactose
(or more prabably a product of the lactose catabolism]
is usad as inducer, the control circuit will be subject
£0 two adverse processes. On the one side, the inducer
will derepress the lac operon and exert therefore a
positive feadback action. But on the other side glu-
cose, which is a product of the lactose catabolism, can
act as a catabolite repressor and be in this way a source

* PTG isopropylthiogalactose.
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of negative feedback in the enzyme synthesis. As we
shall show the combined action of these two Kinds of
feedback will give rise, under certain conditions on the
rate constants and on the nutrient medium, to various
types of oscillatory behavior, including multiple limit
cycles.

The process of catabolite repression involves many
steps in which ¢c-AMP plays an important role. Here
we will adopt a global description, wherein the (inac-
tive) repressor binds with the catabolite repressor and
gives rise to a complex whose affinity of binding with
the operator is enhanced [9].

In section 2 we describe the model and deveiop the
rate equations. Section 3 is devoted to the presenta-
tion of the results of a numerical solution of the equa-
tions supplemented with some analytical and topologi-
cal considerations. Special care has been taken in the
nurrerical simulation, to respect the experimentally
known relations on the rate constants. In the final sec-
tion 4 some remarks are presented on the implications

of multiple limit cycle behavior in biochemical systems.

2. The model

The following control circuit (fig. 1) can reasonably
be expected to describe the salient features of the reg-
ulation of the iac-operon activity

a
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Fig. 1. Schematic representation of control drcuit of the lac
Operomn.

In terms of “chemical steps™ one has
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The first of these steps describes the equilibrium be-
tween an inactive repressor R', synthesized through
the regulatory gene /, and the inactive repressor R
which may block (step (4)) the operator O (form Q™).
Otherwise the active operator in the form O permits
the synthesis, by the structural genes z and p, of the
B-galactosidase, £ and the permease, M (step (5)).

n stands for the pool of amino-acids. Note that for
simplicity, the various biosynthetic steps have been
condensed into a single one. Once M is synthesized it
facilitates the ontry of the inducer L; (step (7)). This
complex process is again simplified here in a single
step {11]. The asymmetry of the lactose-permease
binding is accounted for by taking kg > k's. Subse-
quently the internal inducer L, via a generally caop-
erative interaction {step (3)}}, inactivates the repressor
(positive feedback). One the other hand, G, the pro-
duct of the internal inducer’s L, catabolism stimulates
the formation of active repressor (step (2)) via anoth-
er cooperative step (negative feedback). In this re-
spect we note that it has been established {10] that
the repressor is an allosteric protein formed by four
monomers. The caoperative coefficient between re-
pressor and inducer has been determined experimen-
tally and is around two. Thus, we set in step (3)

n; = 2, Owing to the similarity between R and R' we
also take ng; =2 in step (2). Finally, steps (8) and (9)
express the dilution of the two proteins in the cellular
medium.

It should be pointed out that the model we have
just described is a rather simplified one which only re-
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tains the important aspects of the process. For in-
stance, one knows that the repressor is an allosteric
molecule which exists in two conformations, one ac-
tive and one inactive. Nevertheless in writing step (1)
we have merely expressed the equilibrium between
the active and the inactive conformations and did not
make explicit reference to the finer structure of the
repressor. A detailed allostesic model has been elab-
orated recently [11] and shown to give rise to the
same qualitative behavior as the simplified model
adopted here.

We may now write the rate equations for the vari-
ables R, G, 0%, E, M, L,. To this end we assume that
R, n, L are in sufficiently abundant quantities and
may therefore be treated as constants. Moreover, we
recall that

g% + 0~ = x = counst. 19)

where OF is the concentration of the operator in the
medium.

Assuming the system is maintained uniform in
space we obtain, setting kK’ = k5 D:

AR{dr = &y R'~K R + kyR'G*-&HR

~&3RLY + F~k4RO* + K30~ , an
dGfde = ~285R'G? + 2RLR + ksFEL, (12)
d0fjdt =~k RO* +k,0™, 3y
dE(dt = nyO0*F—¥&qE, (19
dM/de = qyO* kgt (13)

ALyfdt = —2k3RL3 + 2F | —ksELy + kg LyM—KgLoM.

(16)

These equations can be somewhat simplified by
invoking a quasi-steady-state approximation whereby
all genetic and macromolecular variables are assumed
to adjust instantaneously to the metabolite concentra-
tions. The validity of this approximation rests on the
usually small average concentrations of macromole-
cules as opposed to the metabolite concentrations, as
well as on the occurrence of fast steps in the decom-
positian on the intermediate enzymatic complexes.

Setting

u=ky tky ,T=KkR +F| and ky =kg, an

we obtain the reduced set:

UH (ko R'G2 47
_d£= —“2sz'62 4 - 2_ (_ ; )
dr (&3L5 +p)
ksLynvKyx(ksL3 +u) as)
kqltg (FaR'G2 + 1) + Ky (k3h3 + o)l
dL kR'G2 + 1)
(fe3L3 +u)
(kgL —(ks+kg)Ly) ryklyx (ks L3 +u
L6 s¥Rg)la ax&zLls +u) (19

ko lleg (eaR'GE +7) + Ky (k3L + )]

These equations have been solved numerically on
a CDC computer using Bairtow’s method. The behav-
iour around the steady states has been studied via
Merson’s method. Note that the values of G, L, etc.
at the steady states are completely independent of the
quasi-steady-state approximation. On the other hand,
the latter is instrumental in enabling one to investi-
gate the stability properties of the steady states.

Whenever it was possible the values of the variaus
constants have been chosen in agreement with the ex-
perimental results, a8 discussed in the appendix.

3. Multiple limit cycles and threshold phenomena

For a wide range of values of the different constants
and for £} >> 0.1 one finds for the system of equations
(18) and (19) 2 single stable steady state which be-
haves like a focus. Keeping all other constants fixed
but taking 0.000248 < &) < 0.1 one finds a scable
focus surrounded by fwo limit cycles (fig. 2): an un-
stable one, with a period around 110 min and a stable
one with a period of 300 min. The time evolution of
the concentrations is shown on figs. 3 and 4. We see
that in the immediate vicinity of and inside the un-
stable cycle the system spires during several periods
before being attracted to the stable steady state. Thus,
the unstable cycle is quite relevant as far as the time
dependent properties of the system are concemed.

On the other hand, initial conditions close to but out-
side the unstable cycle are attracted to the outer (stable)
limit cycle.
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Finally, for ¥} < 0.000248 one finds multiple
steady states, and in particular:
— a stable focus surrounded by an unstable limit cycle
of a period of about 110 min,
— a saddle point,
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Fig. 3. Time evolution of the concentsation L, with the same
kinetic constants as in fig. 2. Initial values: Ly = 5.5 uM,
=16 uM.

— a stable node.

The most natural way to accomodate topologically
these types of behaviour [12] is shown on figs. 5 and 6.
In addition to an unstable limit cycle, the system now
features a saddle-node separatrix loop. Owing to this

Ly
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Fig. 4. Time evolution of the concentration Lz with the same
kmcuc constznts as in fiz. 2. Initial values: Lz 5.5 M,
=16.2uM.
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Fig. 5. Phase space represcntation of the evolution of the concentrations L, and G with same kinetic constants as in fig. 2 except
Kz = 10~° min—'. The unstable limit cycle is indicated by dotted lines.

closzd (but unstable) trajectory, for certain initial
conditions the system evolves for quite a long time be-
fore being atrracted by the stable node as indicated
clearly on fig. 5 and 6.

The value &£} =~ 0.000248 min~—! has been deter-
mined approximately as the threshold value where the
saddle point and the node merge to give rise to a
multiple singular point of the saddle-node type. This
threshold separates the multiple limit cycle from the
multiple steady state regime.

For other sets of values of the parameters the sys-
tem features a single asymptotically stable limit cycle
of a pericd of about 160 min surrounding an unstable
focus. The various possibilities found upon exploring
the parameters &, , k’l »Kn, kg, Ly, Fy are compiled
on table 1.

4. Discussion

Unstable limit cycles corresponding to subcritical
branches bifurcating from steady staies have already
been found in chemical reactor theory [13]. Their
existence is due to the exponential nonlinearity
arising from the temperature dependence of the rate
constants. We believe that our results are the first to

establish the existence of unstable limit cycles as well
as of multiple ones in isothermal systems undergoing
mass-action kinetics, i.e., in systems subject to poly-
nomial nonlinearities *.

From a general standpoint, we feel that multiple
limit cycle behavior has some interesting implications.
For instance, a system at a stable steady state sur-
rounded by two limit cycles is endowed by an intrinsic
excirability, in the sense that perturbations from this
state exceeding a certain threshold evolve to a stable
periadic regime instead of decaying back to the refer-
ence state. Excitability and threshold phenomena are
widely spread in biology {6]. It seems therefore rea-
sonable to expect that multiple limit cycles which, to-
gether with multiple steady states are the two alterna-
tives for explaining this type of behavior, will play an
increasingly important role in biochemical kinetics.
Next, multiple limit cycles provide an efficient regu-
latory mechanism for varying the period of an oscil-
latory motion over a wide range values. Of equal im-

* This work was completed when we became aware of a
Ph.D. Dissertation by J.A. Stanshine (M.L.T., Math. Depart-
ment) who points out the existence of one unstable and
one stable limit cycle in the Field—Noyes model for the
Belousov—Zhabotinski reaction.
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Table 1

k, Fy k2 Ly ks kY Steady states
(min—) (uM) (min~'zM~3)  @M) (min~! uM~1) (min—1)

0.2 6x107%  0.03 91100 5000 0.1 stable focus, no limit cycle

ggg; stable focus + unstable limit cycle (7"~ 110 min)

0.000248 + stable limit cycle (T =~ 300 min)

0.000247 } stable focus + unstable limit cycle; saddle point;
Hid stable node

0.2 6x10~3  0.003 51100 500 2.0 stable focus, no limit cyde
0.1
0.008 ] unstable focus + stable limit cycie (F =~ 1500 min)
0.000247
0.000248
10~5

0.02 6x 102 0.0003 29100 500 70 unstable focus + stable limit cycle (I =~ 160 min)
0002 6x10~° 0.003 99100 5000 2 stable focus, no limit cycle

} unstable focus; saddle point; stable node

portance may be the overshoot behavior exhibited by

the concentrations during the evolution depicted in
ct fig. 5. Finally, just like in the case of bifurcation of
] spatial dissipative structures [14], the multiplicity of
periodic trajectories provides a fascinating mechanism
for a gradua} complexification of a system evolving
via a succession of instabilities under non-equilibrium
conditions.

Let us come now to the more specific problem of

25l the lac operon regulation. The periodic synthesis of
r B-galactosidase in E. coli has been observed both by
Gocedwin [I5] in synchronous cultures and by Knorre
Sl - [7] in asynchronous cultures. Masters and Donachie
[16] found that the periodic synthesis of various en-
zymes in synchronous populations of Bacillus Subtilis
15 arises from a variation in the repressor concentrations.
! Thus, it appears that the oscillatory enzyme synthesis
is not a direct consequence of DNA replication. Rath-

ab B G- G — er, it reflects the intrinsic regulatory mechanisms in-
volved in the synthesis. However, the period of the os-
I cillation is of the same order of magnitude as the gen-
osk b r—f_f__’_—— eration time. This is in qualitative agreement with our

\ model which predicts a period of 110 min on the un-
stable limit cycle and of 160 min on the (unique)

B RS * > stable limit cycle corresponding to one of the sets of
o ; " 2 Bt parameter values in table 1. Another point of agree-

Fiz. 6. Magnified phase space diagram 2round the node and ment [15] is the increase of the frequency of oscilla-
the saddle point with the same kinetic constants as in tions as the external lactose concentration increases.

fig. 5. In spite of the endogenous character of the oscilla-
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tions predicted by the model, it is quite possible that
these oscillations can be influenced by the cell cycle.
This should be especially so in synchronous cultures,
whereas in asynchronous ones damped oscillations
arising from destructive interference of the individual
control circuits should be expected. Again, this is in
qualitative agreement with Goodwin’s observations
{15} who pointed out that ascillations in synchronous
cultures tend to be very stable. A detailed model cou-
pling the lac operon regulatory circuit with the cell
cycle is in progress [11].

From the experimental data is does not seem possi-
ble to draw definite conclusions as regards the thresh-
old and excitability phenomena referred to in the be-
ginning of this section. Nevertheless, some relevance
could be possibly attached to the prediction of our
model that the existence as well as the characteristics
of the oscillations seem to be rather sensitive functions
of such factors as the repression or induction condi-
tions. In particular, a small change in the balance be-
tween repression and induction in a certain critical re-
glon should be sufficient to remove the system from
the oscillatory regime and lead it to a steady state.
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Appendix: Numerical values of the various constants
A.1. Concentrations

According to ref. [17, 18], the concentration of the
total amount of repressor is about 10~2 pM/2 and the
concentration of the free repressor is almost the same
as the total value. Thus, we choose

R =102 uM/®. A.D

Moreover, it is known [19] that in the non-induced
state the concentration of the fiee operator (O%) is
2 X 10~6 yM/? whereas that of the operator—repressor
complex (0~) is 2 X 103 uM/%. Thus, the total amount

of operator is chosen to be:
x=0"+0~ =2.002X 1073 uM/L. (A.2)

The concentration of the repressor —inducer com-
plex F is determined to be [17]

[RI} =F; =103 pM/e. (A.3)

For reference, we also give here the values of £ and
inducer found in the computer simulations in a sim-
plified model with a gratuitous inducer and without
glucose [11}:

(E]=2uM/2 (induced state)

=8.3X 10-3 uM/2 (non-induced state).

[L5] =3 X 10% uM/e (induced state)

= 3.6 uM/2

The values of [E] are in good qualitative agreement
with the experimental value of 3.3 uM/® for the in-
duced state [21].

Note that the numerical values for £ found in the
present paper (i.e., with the effect of catabolite repres-
sion) are smaller than the preceding values. This
seems natural, in view of the enhancement of the re-
pressor concentration arising from the catabolite re-
pression.

Coming now to the enzyme synthesis, experimen-
tal results show that the rate of 8-galactosidase syn-
thesis is proportional to the concentration of the free
operator, and that the latter decreases with the repres-
sor concentration. This is in qualitative agreement
with egs. (11) to (16). Indeed, when the quasi-steady
state assufnption is made on these equations one finds:

E=my0%[kq,

(non-induced state)

and OV =kixfksR +ky. (A.5)

Implicitly, this result provides also a justification of
condensing the complex process of enzyme synthesis
in a singie step. I this latter step we take, for the
average concentration of the amino-acid pnol:

1= 103 uM/Q. (A6)
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A.2. Rate constants

According to Bourgeois and cowcrkers [19], the
association and dissociation constants of the repres-
sor—operator reaction are in vitro:
kg=4X10°min~' pM~', K} =0.03 min~'.

(A7)

They also analyzed the repressor—inducer kinetics
{10} and confirmed that the lac repressor interacts
with two IPTG molecules [18, 20]. The corresponding
rate constants are:

association contact: k3 =0.2min"1 uM—2,

dissociation constant: &3 = 6.0 min—!. (A.8)

The rate constant for the glucose—inactive repres-
sor reaction is not known experimentally. In fact this
reaction is the overall result of several intermediate
steps involved in catabolite repression, in which
c-AMP plays an important role *. Still, it appears
plausible to postulate that the association constant is
of the same order of magnitude as in the repressor—
inducer reaction. Thus we take

k, =~ 0.03 min—! yM~—2 (A9)

for most of our simulations, and subsequently vary
k5 by two orders of magnitude along with other
parameters appearing in table 1.

The overal: rate of enzyme synthesis is hard to de-
termine on the basis of the global step (5). It appears
reasonable to take a rate -y much larger than the dilu-
tion rate k; of the enzymes. Thus we choose:

ylky =103, (A.10)

The precise value of the kinetic constant for the
lactose degradation is not known. However, the reac-
tion seems to be rather rapid. Thus we take

ks=5X102t05X 103 min—1 yM~1. (A-11)

Finally, the rate constants of the permease medi-
ated transport have been calculated using Kepes’ mad-
el [18,22]. The following values have thus been de-
termined:

kg=0.6min~ ! uM~1, Kki=0.006min"! M1,

(A.12)

The asymmetry between the two constants is essen-

tial to ensure an 2brupt transition from a non-induced
state to an induced one in the presence of a gratuitous
inducer like IPTG. We have extended our madel to ac-
count for the details of the transport process using a
mechanism suggested by Kepes [11]. We have verified
that the qualitative behaviour remains the same as
that reported in the present paper.

The remaining constants Ky, Ky, Ly, K, kg have
been used as parameters in the computer simulations
and varied over a wide range of values as reported in
the figure captions and in table 1.

It should be pointed out that the values of the
Kinetic constants depend also on environmental fac-
tors like temperature, pH, etc., which are not consid-
ered explicitly in this paper. However, we have per-
formed an implicit test of our choice of numerical
vaiues as follows [11]. We have studied the kinerics
of the pure induction process in the presence of a
gratuitous sugar (i.e., without the glucose effect). We
have verified that the time evolution of the induced
enzyme concentration is in good agreement with the
expesimentally known behavior.
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